Coupled fixed point results for nonlinear integral equations  by Sintunavarat, Wutiphol & Kumam, Poom
Journal of the Egyptian Mathematical Society (2013) 21, 266–272Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society
www.etms-eg.org
www.elsevier.com/locate/joemsORIGINAL ARTICLECoupled ﬁxed point results for nonlinear integral equationsWutiphol Sintunavarat, Poom Kumam *Department of Mathematics, Faculty of Science, King Mongkut’s University of Technology Thonburi (KMUTT), Bang Mod, Thung
Khru, Bangkok 10140, ThailandReceived 29 January 2013; accepted 13 March 2013
Available online 23 April 2013*
E
11
htKEYWORDS
Coupled ﬁxed point;
Coupled coincidence point;
Coupled common ﬁxed
point;
Mixed monotone property;
Partially ordered set;
Integral equations;Corresponding author. Tel.:
-mail address: poom.kum@km
10-256X ª 2013 Production
tp://dx.doi.org/10.1016/j.joem+66 247
utt.ac.t
and host
s.2013.0Abstract In this paper, we prove some coupled coincidence point theorems for such nonlinear
contraction mappings having a mixed monotone property in partially ordered metric spaces by
dropping the condition of commutative. We also prove coupled common ﬁxed point theorem for
w-compatible mappings. An example of a nonlinear contraction mapping which is not applied by
Lakshmikantham and C´iric´’s theorem [1] but applied by our result is given. Further, we apply
our results to the existence theorem for solution of nonlinear integral equations.
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Since the appearance of the classical Banach’s contraction
mapping principle, a number of articles have been dedicated
to the improvement and generalization of that result. Some
examples from this line of research see in [2–8]. The existence
of some new ﬁxed point theorems for contraction mappings
in partially ordered metric spaces has been consider recently
by Ran and Reurings [9], Bhaskar and Lakshmikantham
[10], Nieto and Lopez [11,12], and Agarwal et al. [13]. The exis-
tence of solutions for matrix equations or ordinary different
equations by applying ﬁxed point theorems are presented in
[14–16].
Coupled ﬁxed points and their applications for binary map-
pings were considered by Bhaskar and Lakshmikantham [10].
Recall that if (X,6) is a partially ordered set and F:Xﬁ X is
such that for x, y 2 X, x 6 y implies F(x) 6 F(y), then a map-08998.
h (P. Kumam).
ing by Elsevier B.V. on behalf of E
3.006ping F is said to be non-decreasing. Similarly, a non-increasing
mapping is deﬁned. In [10], Bhaskar and Lakshmikantham
introduced the following notions of a mixed monotone map-
ping and a coupled ﬁxed point.
Deﬁnition 1.1. (Bhaskar and Lakshmikantham [10]. Let
(X,6) be a partial ordered set and F:X · Xﬁ X. The mapping
F is said to has the mixed monotone property if F is monotone
non-decreasing in its ﬁrst argument and is monotone non-
increasing in its second argument, that is for any x, y 2 X
x1; x2 2 X; x1 6 x2 ) Fðx1; yÞ 6 Fðx2; yÞ ð1:1Þ
and
y1; y2 2 X; y1 6 y2 ) Fðx; y1ÞP Fðx; y2Þ: ð1:2Þ
Deﬁnition 1.2. (Bhaskar and Lakshmikantham [10]. Let X be
a non-empty set. An element (x,y) 2 X · X is call a coupled
ﬁxed point of the mapping F:X · Xﬁ X ifgyptian Mathematical Society. Open access under CC BY-NC-ND license.
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The main results of Bhaskar and Lakshmikantham in [10]
are the following two classical coupled ﬁxed point theorems.
Theorem 1.3. (Bhaskar and Lakshmikantham [10]. Let (X,6)
be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Let F:X · Xﬁ X be
a continuous mapping having the mixed monotone property on X.
Assume that there exists a k 2 [0,1) with
dðFðx; yÞ;Fðu; vÞÞ 6 k
2
½dðx; uÞ þ dðy; vÞ ð1:3Þ
for all x, y, u, v 2 X for which xP u and y 6 v. If there exists
x0, y0 2 X such that
x0 6 Fðx0; y0Þ and y0 P Fðy0; x0Þ;
then there exists x, y 2 X such that
x ¼ Fðx; yÞ and y ¼ Fðy; xÞ:
Theorem 1.4. (Bhaskar and Lakshmikantham [10]. Let (X,6)
be a partially ordered set and suppose there is a metric d on X
such that (X,d) is a complete metric space. Suppose X has the
following property:
(i) if a non-decreasing sequence {xn}ﬁ x, then xn 6 x for all
n 2 N,
(ii) if a non-increasing sequence {yn}ﬁ y, then y 6 yn for all
n 2 N.
Let F:X · Xﬁ X be a continuous mapping having the mixed
monotone property on X. Assume that there exists a k 2 [0,1)
with
dðFðx; yÞ;Fðu; vÞÞ 6 k
2
½dðx; uÞ þ dðy; vÞ ð1:4Þ
for all x, y, u, v 2 X for which xP u and y 6 v. If there exists
x0, y0 2 X such that
x0 6 Fðx0; y0Þ and y0 P Fðy0; x0Þ;
then there exists x, y 2 X such that
x ¼ Fðx; yÞ and y ¼ Fðy; xÞ:
Bhaskar and Lakshmikantham have under observation that
their theorem can be used to investigate a large class of prob-
lems and discussed the existence and uniqueness of a solution
for a periodic boundary value problem
u0ðtÞ ¼ fðt; uðtÞÞ; t 2 ½0;T
uð0Þ ¼ uðTÞ ð1:5Þ
where the function f satisﬁes certain conditions.
In 2009, Lakshmikantham and C´iric´ [1] deﬁned the notion
of mixed g-monotone property, a coupled coincidence point, a
coupled common ﬁxed point, and the commutative property as
follows:
Deﬁnition 1.5. (Lakshmikantham and C´iric´ [1]. Let (X,6) be
a partial ordered set and F:X · Xﬁ X and g:Xﬁ X. The
mapping F is said to has the mixed g-monotone property if F is
monotone g-non-decreasing in its ﬁrst argument and ismonotone g-non-increasing in its second argument, that is
for any x, y 2 Xx1; x2 2 X; gðx1Þ 6 gðx2Þ ) Fðx1; yÞ 6 Fðx2; yÞ ð1:6Þ
and
y1; y2 2 X; gðy1Þ 6 gðy2Þ ) Fðx; y1ÞP Fðx; y2Þ: ð1:7Þ
Deﬁnition 1.6. (Lakshmikantham and C´iric´ [1]. Let X be a
non-empty set. An element (x,y) 2 X · X is call a coupled coin-
cidence point of a mapping F:X · Xﬁ X and g:Xﬁ X if
gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ:
Deﬁnition 1.7. (Lakshmikantham and C´iric´ [1]. Let X be a
non-empty set. An element (x,y) 2 X · X is call a coupled com-
mon ﬁxed point of a mapping F:X · Xﬁ X and g:Xﬁ X if
x ¼ gðxÞ ¼ Fðx; yÞ and y ¼ gðyÞ ¼ Fðy; xÞ:
Deﬁnition 1.8. (Lakshmikantham and C´iric´ [1]. Let X be a
non-empty set and F:X · Xﬁ X and g:Xﬁ X. We say F and
g are commutative if
gðFðx; yÞÞ ¼ FðgðxÞ; gðyÞÞ
for all x, y 2 X.
They used this concept to established the existence of cou-
pled coincidence point and coupled common ﬁxed point theo-
rems which are more general than Theorems 1.3 and 1.4. There
results are given below:
Theorem 1.9. (Lakshmikantham and C´iric´ [1]. Let (X,6) be a
partially ordered set and suppose there is a metric d on X such
that (X,d) is a complete metric space. Assume there is a
function u:[0,1)ﬁ [0,1) with u(t)< t and limr!tþuðrÞ < t
for each t> 0 and also suppose that F:X · Xﬁ X and g:Xﬁ X
are such that F has the mixed g-monotone property and
dðFðx; yÞ;Fðu; vÞÞ 6 u dðgðxÞ; gðuÞÞ þ dðgðyÞ; gðvÞÞ
2
 
ð1:8Þ
for all x, y, u, v 2 X for which g(x) 6 g(u) and g(y)P g(v).
Suppose F(X · X) ˝ g(X), g is continuous and commutes with
F and also suppose either
(a) F is continuous or
(b) X has the following property:(i) if a non-decreasing sequence {xn}ﬁ x, then xn 6 x
for all n 2 N,
(it) if a non-increasing sequence {yn}ﬁ y, then y 6 yn
for all n 2 N.If there exists x0, y0 2 X such that
gðx0Þ 6 Fðx0; y0Þ and gðy0ÞP Fðy0; x0Þ;
then there exists x, y 2 X such that
gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ;
that is, F and g have a coincidence ﬁxed point.
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the hypotheses of Theorem 1.9, suppose that F and g are commu-
tative and for every (x,y), (z, t) 2 X · X, there exists a
(u,v) 2 X · X such that (F(u,v),F(v,u)) is comparable to
(F(x,y),F(y,x)) and (F(z, t),F(t, z)), then F and g have a
unique coupled common ﬁxed point.
Many authors gave the extension of works of Bhaskar and
Lakshmikantham [10] and Lakshmikantham and C´iric´ [1] (see
e.g. [17–23,25–28]).
The purpose of this paper is split to three points. First, we
give coupled coincidence point theorem for nonlinear mapping
without the commutative condition and also give some illustra-
tive examples of our theorems. Second, we prove the existence
and uniqueness of coupled common ﬁxed point for w-compat-
ible mappings. Our results improve and extend the coupled
ﬁxed point theorems due to Bhaskar and Lakshmikantham
[10], Agarwal et al. [13] and include several recent results of
coupled ﬁxed point theorems. Last section, we apply our re-
sults to the existence theorem for solution of nonlinear integral
equations:
xðtÞ ¼
Z T
0
fðt; xðsÞ; yðsÞÞ ds; t 2 ½0;T;
yðtÞ ¼
Z T
0
fðt; yðsÞ; xðsÞÞ ds; t 2 ½0;T;
ð1:9Þ
where T is a real number such that T> 0 and
f : ½0;T  R R! R.
Next, lemma due to Haghi et al. [29] is useful in the main
results.
Lemma 1.11. (Haghi et al. [29]. Let X be a non-empty set and
g:Xﬁ X a function. Then, there exists a subset E ˝ X such that
g(E) = g(X) and g: Eﬁ X is one-to-one.2. Coupled coincidence point theorem without commutative
condition
First, let us discuss the ﬁrst theorem which is needed for prov-
ing the other results in this paper. In fact, this theorem is a
essential tool in the partial order metric spaces to conclude
the existence of coupled ﬁxed points of some mappings. More-
over, this theorem is extend and generalize of Theorems 1.3
and 1.4 of Bhaskar and Lakshmikantham in [10].
Theorem 2.1. Let (X,6) be a partially ordered set and suppose
there is a metric d on X such that (X,d) is a complete metric
space. Assume there is a function u:[0,1)ﬁ [0,1) with
u(t)< t and limr!tþuðrÞ < t for each t> 0 and also suppose
that F:X · Xﬁ X is such that has the mixed monotone property
and
dðFðx; yÞ;Fðu; vÞÞ 6 u dðx; uÞ þ dðy; vÞ
2
 
ð2:1Þ
for all x, y, u, v 2 X for which x 6 u and yP v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {xn}ﬁ x, then xn 6 x
for all n 2 N,(ii) if a non-increasing sequence {yn}ﬁ y, then y 6 yn
for all n 2 N.If there exists x0, y0 2 X such that
x0 6 Fðx0; y0Þ and y0 P Fðy0; x0Þ;
then there exists x, y 2 X such that
x ¼ Fðx; yÞ and y ¼ Fðy; xÞ;
that is, F has a coupled ﬁxed point.
Proof. Taking g= IX where IX is identity mapping on X in
Theorem 1.9, we obtain this result. h
Next, we give the uniqueness of a coupled ﬁxed point. Note
that if (X,6) is a partially ordered set, then we endow the
product of X · X with the following partial order:
for (x,y), (u,v) 2 X · X (x,y) 6 (u,v) () x 6 u and yP v.
Theorem 2.2. In addition to the hypotheses of Theorem 2.1,
suppose that for every (x,y), (z, t) 2 X · X, there exists a
(u,v) 2 X · X that is comparable to (x,y) and (z, t). Then, F
has a unique coupled ﬁxed point.
Proof. From Theorem 2.1, the set of coupled ﬁxed points of F
is non-empty. Suppose (x,y) and (z, t) are coupled ﬁxed points
of F, that is, x= F(x,y), y= F(y,x), z= F(z, t) and
t= F(t,z). Next, we claim that x= z and y= t.
By hypothesis, there exists (u,v) 2 X · X that is comparable
to (x,y) and (z, t). We put u0 = u and v0 = v and construct
sequences {un} and {vn} by
un ¼ Fðun1; vn1Þ and vn ¼ Fðvn1; un1Þ for all n
2 N: ð2:2Þ
Since (u,v) is comparable with (x,y), we assume that
(u0,v0) 6 (u,v) 6 (x,y). By using the mathematical induction,
it is easy to prove that
ðun; vnÞ 6 ðx; yÞ for all n 2 N: ð2:3Þ
From (2.1) and (2.3), we have
dðunþ1; xÞ ¼ dðFðun; vnÞ;Fðx; yÞÞ
6 u dðun; xÞ þ dðvn; yÞ
2
 
: ð2:4Þ
Similarly, we get
dðy; vnþ1Þ ¼ dðFðy; xÞ;Fðvn; unÞÞ
6 u dðy; vnÞ þ dðx; unÞ
2
 
: ð2:5Þ
From (2.4) and (2.5), we have
dðunþ1; xÞ þ dðvnþ1; yÞ
2
6 u dðun; xÞ þ dðvn; yÞ
2
 
ð2:6Þ
for all n 2 N. By repeating this process, we get
dðunþ1; xÞ þ dðvnþ1; yÞ
2
6 un dðu1; xÞ þ dðv1; yÞ
2
 
ð2:7Þ
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limn!1unðtÞ ¼ 0 for each t> 0. Therefore, from (2.7), we have
lim
n!1
dðunþ1; xÞ ¼ 0 and lim
n!1
dðvnþ1; yÞ ¼ 0 ð2:8Þ
Similarly, we can prove that
lim
n!1
dðunþ1; zÞ ¼ 0 and lim
n!1
dðvnþ1; tÞ ¼ 0 ð2:9Þ
By the triangle inequality, (2.8) and (2.9)
dðx; zÞ 6 dðx; unþ1Þ þ dðunþ1; zÞ ! 0 and as n!1 ð2:10Þ
and
dðy; tÞ 6 dðy; vnþ1Þ þ dðvnþ1; tÞ ! 0 and as n!1: ð2:11Þ
From (2.10) and (2.11), we conclude that x= z and y= t.
Therefore, F has a unique coupled ﬁxed point. h
Next, we prove the existence of coupled coincidence point
theorem and we do not require that F and g are commutative.
Theorem 2.3. Let (X,6) be a partially ordered set and suppose
there is a metric d on X. Assume there is a function
u:[0,1)ﬁ [0,1) with u(t)< t and limr!tþuðrÞ < t for each
t> 0 and also suppose that F:X · Xﬁ X and g:Xﬁ X are such
that F has the mixed g-monotone property and
dðFðx; yÞ;Fðu; vÞÞ 6 u dðgðxÞ; gðuÞÞ þ dðgðyÞ; gðvÞÞ
2
 
ð2:12Þ
for all x, y, u, v 2 X for which g(x) 6 g(u) and g(y)P g(v).
Suppose that F(X · X) ˝ g(X), g is continuous, g(X) is com-
plete and also suppose either
(a) F is continuous or
(b) X has the following property:(i) if a non-decreasing sequence {xn}ﬁ x, then xn 6 x
for all n 2 N,
(ii) if a non-increasing sequence {yn}ﬁ y, then y 6 yn
for all n 2 N.If there exists x0, y0 2 X such that
gðx0Þ 6 Fðx0; y0Þ and gðy0ÞP Fðy0; x0Þ;
then there exists x, y 2 X such that
gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ;
that is, F and g have a coincidence ﬁxed point.
Proof. By Lemma 1.11, there exists E ˝ X such that
g(E) = g(X) and g:Eﬁ X is one-to-one. Now, deﬁne a map-
ping U:g(E) · g(E)ﬁ X by U(gx,gy) = F(x,y). Since g is
one-to-one on E, U is well-deﬁned. From (2.12), we get
dðUðgðxÞ; gðyÞÞ;UðgðuÞ; gðvÞÞÞ
6 u dðgðxÞ; gðuÞÞ þ dðgðyÞ; gðvÞÞ
2
 
ð2:13Þ
for all g(x), g(y), g(u), g(v) 2 g(E) with g(x) 6 g(y) and
g(y)P g(v). Moreover, as F has the mixed g-monotone prop-
erty, we get U has the mixed monotone property. And U is also
continuous because F is continuous.By using Theorem 2.1 with the mapping U, there exists a
coupled ﬁxed point a, b 2 g(X) such that a= U(a,b) and
b= U(b,a). Since a, b 2 g(X), we get a= g(w) and b= g(z) for
some w, z 2 X and then g(w) = U(g(w),g(z)) and g(z) =
U(g(z),g(w)). Therefore, g(w) = F(w,z) and g(z) = F(z,w) and
so F and g have a coupled coincidence point. h
Corollary 2.4. Let (X,6) be a partially ordered set and suppose
there is a metric d on X such that (X,d) is a complete metric
space. Suppose that F:X · Xﬁ X and g:Xﬁ X are such that
F has the mixed g-monotone property and assume there is a
k 2 [0,1) such that
dðFðx; yÞ;Fðu; vÞÞ 6 k
2
½dðgx; guÞ þ dðgy; gvÞ ð2:14Þ
for all x, y, u, v 2 X for which gx 6 gu and gyP gv. Suppose
F(X · X) ˝ g(X), g is continuous and also suppose either
(a) F is continuous or
(b) X has the following property:(i) if a non-decreasing sequence {xn}ﬁ x, then xn 6 x
for all n 2 N,
(ii) if a non-increasing sequence {yn}ﬁ y, then y 6 yn
for all n 2 N.If there exists x0, y0 2 X such that
gðx0Þ 6 Fðx0; y0Þ and gðy0ÞP Fðy0; x0Þ;
then there exists x, y 2 X such that
gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ;
that is, F and g have a coincidence ﬁxed point.
Proof. Taking u(t) = kt where k 2 [0,1) in Theorem 2.3 we
obtain Corollary 2.4. h
Now, we shall give the example to validate Theorem 2.3.
Example 2.5. Let X ¼ R and deﬁned partial ordered 6 by
a 6 b if and only if b  a 2 [0,1) for a, b 2 X. Deﬁne a
mapping d:X · Xﬁ [0,1) by d(x,y) = Œx  yŒ for all x, y 2 X.
Let F:X · Xﬁ X and g:Xﬁ X be deﬁned byFðx; yÞ ¼ 1
and
gðxÞ ¼ x2  3
for all x 2 X. Then, g(X) = [3,1) is a complete subspace of
X. Since
gðFðx; yÞÞ ¼ gð1Þ ¼ 2–1 ¼ FðgðxÞ; gðyÞÞ
for all x, y 2 X, we have F and g are not commutative. Hence,
Theorem 2.1 of Lakshmikantham and Ciric´ in [1] cannot be
applied to this example. Letting the mapping
u:[0,1)ﬁ [0,1) deﬁne by u(t) = kt where k 2 [0,1). By sim-
ple checking, we see that F and g satisfy (2.12) and F has the
mixed g-monotone property. Moreover, g and F are continu-
ous and there exists point 0, 3 2 X such that
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and
gð3Þ ¼ 6P 1 ¼ Fð3; 0Þ:
So, the hypothesis of Theorem 2.3 is satisﬁes. Therefore, we
conclude that F and g have a coupled ﬁxed point in X. This
coupled ﬁxed point is (x,y) = (2,2), that is, g(2) = F(2,2)
and g(2) = F(2,2).
Remark 2.6. Although, Theorem 1.9 of Lakshmikantham and
Ciric´ is essential tool in the partially ordered metric spaces to
conclude the existence of coupled coincidence points of some
mappings. Sometimes some mappings do not have the commu-
tative property. Therefore, it is the most interest to use Theo-
rem 2.3 as another auxiliary tool of the partially ordered
metric spaces. Note that, not only Theorem 2.3 holds in par-
tially order metric spaces, but also by using a similar proof,
it is a consequence of many results in ﬁxed point theory.3. Coupled common ﬁxed point theorem for w-compatible
mappings
We begin this section by give the concept of w-compatible of
two mappings F:X · Xﬁ X and g:Xﬁ X due to Abbas et al.
[24].
Deﬁnition 3.1. (Abbas et al. [24]. Let X be a non-empty set
and F:X · Xﬁ X and g:Xﬁ X. We say F and g are w-
compatible if it commute at coupled coincidence point, that is,
gðFðx; yÞÞ ¼ FðgðxÞ; gðyÞÞ
for all x, y 2 X with g(x) = F(x,y) and g(y) = F(y,x).
It is clear that two commuting mappings are w-compatible,
but the converse is not true as is shown in next example.
Example 3.2. Let X= [0,1) and F:X · Xﬁ X and g:Xﬁ X
deﬁne by
Fðx; yÞ ¼ xþ y
for all x, y 2 X and
gðxÞ ¼ x; x 2 ½0; 1Þ;
x 0:5; x 2 ½1;1Þ:

It is easy to see that a coupled coincidence point of F and g is
only (0,0). Since
gðFð0; 0ÞÞ ¼ gð0Þ ¼ 0 ¼ Fð0; 0Þ ¼ Fðgð0Þ; gð0ÞÞ;
we conclude F and g are w-compatible. As there exists a point
(1,1) such that
gðFð1; 1ÞÞ ¼ gð2Þ ¼ 1:5–1 ¼ Fð0:5; 0:5Þ ¼ Fðgð1Þ; gð1ÞÞ
that F and g are not commutative. Therefore, the class of w-
compatible is larger than the class of commutativity.
Next, we prove the unique coupled common ﬁxed point
theorem for w-compatible mappings.
Theorem 3.3. In addition to the hypotheses of Theorem 2.3,
suppose that F and g are w-compatible and for every(g(x),g(y)), (g(z),g(t)) 2 g(X) · g(X), there exists a
(g(u),g(v)) 2 g(X) · g(X) that is comparable to
(g(x),g(y)) and (g(z),g(t)), then F and g have a unique
coupled common ﬁxed point.
Proof. Similar in proof of Theorem 2.3 by using Theorem 2.2,
we can conclude that F and g have a coupled coincidence point
(x,y). Moreover, if (z,w) are another coupled coincidence
point of F and g, then
gðxÞ ¼ gðzÞ and gðyÞ ¼ gðwÞ: ð3:1Þ
By w-compatible of F and g, we have
gðgðxÞÞ ¼ gðFðx; yÞÞ ¼ FðgðxÞ; gðyÞÞ and gðgðyÞÞ
¼ gðFðy; xÞÞ ¼ FðgðyÞ; gðxÞÞ: ð3:2Þ
Denote g(x) = a and g(y) = b. Then, from (3.2), we have
gðaÞ ¼ Fða; bÞ and gðbÞ ¼ Fðb; aÞ; ð3:3Þ
which implies that (a,b) is a coupled coincidence point of F
and g. From (3.1), we have g(a) = g(x) and g(b) = g(y) that is
gðaÞ ¼ a and gðbÞ ¼ b: ð3:4Þ
By (3.3) and (3.4), we have
a ¼ gðaÞ ¼ Fða; bÞ and b ¼ gðbÞ ¼ Fðb; aÞ: ð3:5Þ
Therefore (a,b) is a coupled common ﬁxed point of F and g.
To prove the uniqueness, assume that (c,d) is another
coupled common ﬁxed point of F and g and then (c,d) is also
coupled coincidence point of F and g. From (3.1), we get
c= g(c) = g(a) = a and d= g(d) = g(b) = b. Therefore (a,b)
is a unique coupled common ﬁxed point of F and g. h4. An application to nonlinear integral equations
In this section, we apply our theorem to the existence theorem
for solution of the following nonlinear integral equations:
xðtÞ ¼
Z T
0
fðt; xðsÞ; yðsÞÞ ds; t 2 ½0;T;
yðtÞ ¼
Z T
0
fðt; yðsÞ; xðsÞÞ ds; t 2 ½0;T;
ð4:1Þ
where T is a real number such that T> 0 and
f : ½0;T  R R! R.
Deﬁnition 4.1. Let Cð½0;T;RÞ denote the class of R-valued
continuous functions on the interval [0,T], where T is a real
number such that T> 0. An element a; b 2 Cð½0;T;RÞ
Cð½0;T;RÞ is called a coupled lower and upper solution of
the integral Eq. (4.1) if a(t) 6 b(t) and
aðtÞ 6
Z T
0
fðt; aðsÞ; bðsÞÞ ds
and
bðtÞP
Z T
0
fðt; bðsÞ; aðsÞÞ ds
for all t 2 [0,T].
Now, we consider the following assumptions:
Coupled ﬁxed point results for nonlinear integral equations 271(q1) f : ½0; T   R R! R is continuous;
(w2) for all t 2 [0,T] and for all x; y; u; v 2 R for which x 6 u
and yP v, we have
0 6 fðt; u; vÞ  fðt; x; yÞ 6 1
T
uðu xþ y v
2
Þ;
where u:[0,1)ﬁ [0,1) is continuous, non-decreasing and sat-
isﬁes u(t) < t and limr!tþuðrÞ < t for each t> 0.
Next, we give the existence theorem for solution of the inte-
gral Eq. (4.1).
Theorem 4.2. Suppose that (w1) and (w2) hold. Then, the
existence of a coupled lower and upper solution for (4.1)
provides the existence of solution ð~x; ~yÞ 2 Cð½0;T;RÞ
Cð½0;T;RÞ for the integral Eq. (4.1).
Proof. Let X :¼ Cð½0;T;RÞ denote the class of R-valued con-
tinuous functions on the interval [0,T]. We endowed X with
the metric d : X X! R deﬁned by
dðx; yÞ ¼ sup
t2½0;T
jxðtÞ  yðtÞj; 8 x; y 2 X:
It is clear that (X,d) is a complete metric space. Moreover, we
also have X is a partially ordered set if we deﬁne the following
order relation in X:
x; y 2 X; x 6 y$ xðtÞ 6 yðtÞ; for all t 2 ½0;T:
Suppose un is a monotone non-decreasing in X that converges
to u 2 X. Then, for every t 2 [0,T], the sequence of real
numbers
u1ðtÞ 6 u2ðtÞ 6    6 unðtÞ 6   
converges to u(t). Therefore, for all t 2 [0,T], n 2 N, un(-
t) 6 u(t). Thus, un 6 u, for all n 2 N. Similarly, we can verify
that limit v(t) of a monotone non-increasing sequence vn(t) in
X is a lower bound for all the elements in the sequence. That
is, vnP u, for all n 2 N. Therefore, condition (b) given in The-
orem 2.3 is satisﬁed.
Deﬁne the mapping F : Cð½0;T;RÞ  Cð½0;T;RÞ !
Cð½0;T;RÞ and g : Cð½0;T;RÞ ! Cð½0;T;RÞ by
Fðx; yÞðtÞ ¼
Z T
0
fðt; xðsÞ; yðsÞÞ ds; x; y 2 Cð½0;T;RÞ; t 2 ½0;T:
and
gðxÞðtÞ ¼ xðtÞ:
Next, we prove that F has the mixed g-monotone property.
By (w2), for any x, y 2 X and for all t 2 [0,T], we have
x1;x2 2X;gðx1ÞðtÞ6 gðx2ÞðtÞ) 06 fðt;x2ðtÞ;yðtÞÞ fðt;x1ðtÞ;yðtÞÞ
) fðt;x1ðtÞ;yðtÞÞ6 fðt;x2ðtÞ;yðtÞÞ
)
Z T
0
fðt;x1ðsÞ;yðsÞÞ ds6
Z T
0
fðt;x2ðsÞ;yðsÞÞ ds
) Fðx1;yÞðtÞ6 Fðx2;yÞðtÞ: ð4:2Þ
Similarly, we can prove that for any x, y 2 X and for all
t 2 [0,T], we have
y1; y2 2 X; gðy1ÞðtÞ 6 gðy2ÞðtÞ ) Fðx; y1ÞðtÞ
P Fðx; y2ÞðtÞ: ð4:3ÞFrom (4.2) and (4.3), we get F has the mixed g-monotone
property.
Now, let x, y, u, v 2 X for which x 6 u and yP v. Using
(q2), for all t 2 [0,T], we have
jFðx; yÞðtÞ  Fðu; vÞðtÞj ¼
Z T
0
½fðt; uðsÞ; vðsÞÞ  fðt; xðsÞ; yðsÞÞ ds
6 1
T
Z T
0
u
uðsÞ  xðsÞ þ yðsÞ  vðsÞ
2
 
ds
6 1
T
Z T
0
u
sup
z2½0;T
jxðzÞ  uðzÞj þ sup
z2½0;T
jyðzÞ  vðzÞj
2
0
B@
1
CA ds
¼ u
sup
z2½0;T
jxðzÞ  uðzÞj þ sup
z2½0;T
jyðzÞ  vðzÞj
2
0
B@
1
CA
¼ u
sup
z2½0;T
jgðxÞðzÞ  gðuÞðzÞj þ sup
z2½0;T
jgðyÞðzÞ  gðvÞðzÞj
2
0
B@
1
CA;
which implies that
sup
t2½0;T
jFðx; yÞðtÞ  Fðu; vÞðtÞj
6 u
sup
z2½0;T
jgðxÞðzÞ  gðuÞðzÞj þ sup
z2½0;T
jgðyÞðzÞ  gðvÞðzÞj
2
0
B@
1
CA:
ð4:4Þ
Therefore, we get
dðFðx; yÞ;Fðu; vÞÞ 6 u dðgðxÞ; gðuÞÞ þ dðgðyÞ; gðvÞÞ
2
 
x, y, u, v 2 X for which g(x) 6 g(u) and g(y)P g(v). This im-
plies that the condition (2.12) of Theorem 2.3 is satisﬁed.
Now, let (a,b) be a coupled lower and upper solution of the
integral Eq. (4.1) then we have a(t) 6 F(a,b)(t) and b(t) 6
F(b,a)(t) for all t 2 [0,T], that is, a 6 F(a,b) and bP F(b,a).
So all conditions in Theorem 2.3 are satisﬁed. Therefore, we
apply Theorem 2.3 and thus there exists a point ð~x; ~yÞ 2
Cð½0;T;RÞ  Cð½0;T;RÞ such that
gð~xÞ ¼ Fð~x; ~yÞ and gð~yÞ ¼ Fð~y; ~xÞ:
Since g(x) = x for all x 2 X, we get ð~x; ~yÞ 2 Cð½0;T;RÞ
Cð½0;T;RÞ is the solution for the integral Eq. (4.1). hAcknowledgements
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